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Abstract: The three-parameter Mittag-Leffler function introduced by Prabhakar commonly used today makes use
of the Pochhammer symbol. In this paper, we introduce an alternative three-parameter Mittag-Leffler function that
is without the Pochhammer symbol. It is shown that this new simplified version of the three-parameter Mittag-
Leffler function behaves like the one commonly used in the literature. Also, we state some properties of this new
three-parameter Mittag-Leffler function, so that it can be used in applications.
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1. INTRODUCTION

The Mittag-Leffler function plays a very important role in the theory of fractional differential equations, just like the
exponential function in the theory of integer-order differential equations. The Mittag-Leffler function is a generalization of
the exponential function.

In 1903, the Swedish mathematician Gosta Mittag-Leffler [1] introduced the Mittag-Leffler function defined as:

hd k
Z
Ea(Z)—kZ_Om, a € (C,R(a)>0,zE(C (1)

In 1905, Wiman [2] introduced the two-parameter Mittag-Leffler function defined as:
Eop(z) = kzom @B € CR(@) > 0,R(B) >0,z € C 2)

In 1971, the three-parameter Mittag-Leffler function, which is a generalization of (1) and (2) was introduced by Prabhakar
[3] and defined as:

E’ (z):mM (a,B,7 € C,R(a) > 0,R(B) > 0,R(y) > 0,z € C) (3)
ap i I'(ak + B) Y E R ' Y ’
where (y) is the Pochhammer symbol [4] defined by
F'y+k
Wi = %

Several scholars [5-10] have introduced different generalizations of the multi-parameter Mittag-Leffler function.
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2. THE MAIN RESULT

The alternative three-parameter Mittag-Leffler function without the Pochhammer symbol is defined as:
EV()—Z vzt ( €CR(a)>0,R(B)>0,R(y)>0,z€C) 4
@ = 2Ty @Y ECR@>0RE) > 0R() >0z 4)

3. RELATION OF THE ALTERNATIVE FUNCTION WITH THE PRABHAKAR FUNCTION

In this section, we want to show how the new three-parameter Mittag-Leffler function we introduce in this work agrees with
the Prabhakar function defined in (3), which is the commonly used three-parameter Mittag-Leffler function with the
Pochhammer symbol.

Fora =B =y =1, (4) becomes

1 — — __— pZ
Ea@ = Z Tk + 1) Z K ®)
k=0 k=0
Putting 8 =y = 1 in (4), we obtain the one-parameter Mittag-Leffler function defined in (1):
had k
Ei2(D) = ) = = Fo(2) ©)
ol LT (ak +1) «

Putting y = 1 in (4), we obtain the two-parameter Mittag-Leffler function defined in (2):

E;,ﬁ(z) = kzzom =Eqp(2) (7

The results obtained in (5) — (7) using the alternative function (4) agree with those obtained using the commonly used
Prabhakar function (3). This clearly shows that the new function proposed in this work is a fitting generalization
exponential, one-parameter Mittag-Leffler and two-parameter Mittag-Leffler functions.

4. SOME PROPERTIES OF THE ALTERNATIVE MITTAG-LEFFLER FUNCTION
Theorem 1

Let z € Cand,n € N, then

n-2
1 k
Ein() = = (ez -> %) ®)

Proof

From (4), we have that

Nyt
Eqp@) = RZO T(ak + B)

Leta =y =1and B =n,then

had k hod k
RO T g S
n — 1)
i I'(k +n) i (k+n-1)!
k+n—-1

= Eln(2) = — 1Z(k+n_1), ©

k+n-1

Zk+n—1)' Zk' kZ% (10)
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Putting (10) into (9), we have:

oo n-2
1 VA
Bin(2) = (Z == Z )
n-2
1 1 z Zk
El,n(z) = -1 e” — T
k=0

Theorem 2

Ifa,B,y € C,R(a) >0, R(B) >0, R(y) >0,z€ C,andr,n € N, then

d
E};yﬁ(z) BEVBH(Z) +azd aBH(z) (11D)
Proof

By definition (4),

d ) k
PEqps(@) +az Epp(2) = (z r(ak+ﬁ+1)>+azd2<zm>

k=0

3 ¢ Byz* akyz®
_kZOF(ak+ﬁ+1) =i T(ak +p +1)
N )
_Zr(ak+ﬁ+1)(a A
k=0
— N yzk k
- ;(ak ¥Rkt gy P
h Z I'(ak + B)
= Eyg(z)
Thus, EVB(Z) —ﬁE“B+1(Z)+(XZ aB+1(Z)
Theorem 3
Ifa,B,y € C z € C,then
EY 5(2) = zE} o 5(2) + = r(/a) (12)

Proof

By definition (4),

it k
vz
Elp@) =Y
B
] I'(ak + B)
Zk+1

N k:zlr(“k +a+p)
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7k

_ v
_F(ﬁ)+;r‘(ak+a+ﬁ)

k+1
|4

— ['(ak+a+pf) * Ir'B)

= ZEl)l/(x+ﬂ(Z) + — F(ﬁ)

So, E;'ﬁ(z) ZE;'M[),(Z) + - F(ﬁ')

Theorem 4 (Derivative of the alternative Mittag-Leffler function)

Ifa,B,y € C,R(a) >0, R(B) >0, R(y)>0,z€e C,andr,n € N, then
n

P [Zﬁ+ra 1E3;ﬁ+ra(za)] = gBt+ra-n- 1Ey,8+ra n (Za) (13)

Proof
By definition (4),
ak
E} gire(29) = Z m

had )/Za(k+r)+[?—1
— gBAra- 1gY ay — =
z aprra?’) L Tak+1) + )

dn , , a(k+r)+ﬁ 1
- +ra-1 a -
dzm [ Ea ﬁ‘H’a(z )] dzn Z INatk+71)+ ,8)

ak

ZF(ak+,8+ra—n)

— Z,[>’+ra—n 1

_Z/?+ra n-— 1EV Bira- n(Za)

Theorem 5 (Integration of the alternative Mittag-Leffler function)

Ifa,B,y €C,R(a) >0, R(B) >0, R(y) >0,z€ C,andr,n €N, then

a,f+ra

f BL+ra— IEV (Za)dZ — ZB+raEyﬁ+ra+1 (Z ) (14)
0
Proof
By definition (4),

Zak
a
Eapira(z?) = kzor(ak Y B +ra)

[oe]

P , yza(k+r)+,8—1
— ZB+Ta-1p ay — 15
z aprra?’) LTl +1) +B) (15)

Integrating both sides of (15) w.r.t. z from 0 to z, we have:

z ak
L+ra— 1EV Nz = ﬁ+rtxz
foz aprra(27)dz =2 T(ak +/3 tra+ 1)

— Z,8+raEY

a,f+ra+l (Z )
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5. CONCLUSION

In this paper, we introduce an alternative three-parameter Mittag-Leffler function without using the Pochhammer symbol.
The importance of this alternative function is that it satisfies the properties of the original function and provides new
relations. Also, this alternative function is simpler in nature than one commonly used. Thus, we conclude this alternative
three-parameter Mittag-Leffler function will find easy adaption in applications.
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